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Practice 1

Answer all questions.

1 (a) Show that

1 2+ -
7'2 (F+1)2 I"z(l"—l—l)z ( mar S)

(b) Hence find the sum of the first n terms of the series

3 5 7
12><22+22><32+32><42+"' (4 marks)

2 The cubic equation
X +px2+qx+r:O
where p, ¢ and r are real, has roots o, f§ and 7.
(a) Given that
a+p+y=4 and w? + B2 +9% =20
find the values of p and gq. (5 marks)

(b) Given further that one root is 3 + i, find the value of r. (5 marks)

3 The complex numbers z; and z, are given by

zlzii—i and 22:%+\/7§i
(a) Show thatz; =1. (2 marks)
(b) Show that |z| = |z, ]. (2 marks)
(c) Express both z; and z, in the form reie, where >0 and —nt<0 < 7. (3 marks)

(d) Draw an Argand diagram to show the points representing z;, z, and z; +z,. (2 marks)
(e) Use your Argand diagram to show that

tan 15—215 =2++3 (3 marks)
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4 (a) Prove by induction that
24+ (Bx2)+(@x2) +... +(n+1)2" =n2"
for all integers n > 1. (6 marks)

(b) Show that
2n

Y (r+ 12 =n2r@ -1 (3 marks)
r=n-+1

5 The complex number z satisfies the relation

|z+4—4i|=4
(a) Sketch, on an Argand diagram, the locus of z. (3 marks)
(b) Show that the greatest value of |z| is 4 (v2 +1). (3 marks)

(c) Find the value of z for which
arg(z +4 — 4i) = én

Give your answer in the form a + 1b. (3 marks)

Turn over for the next question
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4
6 It is given that z = ell
(@) (1) Show that
1
z+—=2cos0 (2 marks)
z
(i1)) Find a similar expression for
2 _|_l2 (2 marks)
z
(ii1)) Hence show that
> 1 1 2 3 i
z"—z+2——-+—5=4cos"0 —2cosl (3 marks)
z z

(b) Hence solve the quartic equation
AP 422 —z+1=0

giving the roots in the form a + 1b. (5 marks)

7 (a) Use the definitions
sinh 0 = %(ee —e %) and cosh = %(ee + e~ %)
to show that:
(1) 2sinh6 coshf = sinh20; (2 marks)
(ii) cosh? 6 + sinh? 0 = cosh 2. (3 marks)
(b) A curve is given parametrically by
x = cosh® 0, y= sinh® 0

(1) Show that

dx\2 v\ 9 .
(@) + (@> _Zsmh 20 cosh 20 (6 marks)

(i) Show that the length of the arc of the curve from the point where 6 = 0 to the
point where 6 = 1 is

NS08

%[(cosh 2) - 1} (6 marks)

END OF QUESTIONS
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Practice 2
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1. The hyperbola H has equation
x’—4y*=4a’, a>0

(a) Find the eccentricity of H.
3)

Given that x =10 is an equation of a directrix of H,

(b) find the value of a.
(2)
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Question 1 continued

(Total S marks) T
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A curve C has intrinsic equation s = f(i). The radius of curvature at any point P on C
is tan y, where y is the angle between the tangent to C at P and the positive x-axis and
/4
oy< ?
) /4
Taking s = 0 at y = —, find f(y).
4
)
_J
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Question 2 continued
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3. (a) Starting from definitions of cosh x and sinh x in terms of exponentials, prove that

sinh 2x = 2sinh xcosh x

2

(b) Hence find the exact values of x for which

sinh 2x = 6sinh? x + 7sinh x
™
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Question 3 continued
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1n=j(1nx)ndx, n>0

(a) Show that

I =x(Inx)y'—nl |, n>1

,1’

(C))

(b) Hence find the exact value of r(ln x)? dx.
: (6)
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Question 4 continued
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Question 4 continued
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Question 4 continued

Q4
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Figure 1

The curve C, with equation y = cosh 3x —4x, has a minimum point 4, as shown in Figure 1.

(a) Use calculus to find the x-coordinate of A. Give your answer in terms of a natural
logarithm.

(©))

The region R, shown shaded in Figure 1, is bounded by C, the x-axis, the y-axis and the
line through A parallel to the y-axis.

(b) Show that the area of R is 3[2 ~(In 3)2} .
? ©6)
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Question 5 continued
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Question 5 continued
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Question 5 continued
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6. (a) Using the substitution x = 4 , or otherwise, find

u
I 1
x(a*—x?)
(6)

(b) Hence find

| e
, XN25-x%)

giving your answer in the form alnb, where a and b are rational numbers.

(©))

16
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Question 6 continued
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Question 6 continued
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Question 6 continued

Q6

(Total 11 marks) |

J

19

Turn over

Copyright © mppe.org.uk and its license. All Rights Reserved



http://www.mppe.org.uk

Leave )
blank

7. Given that y = sin (k arcsin 2x), where k is a constant, show that

dy :
(@) (1-4x2) (—] = 4k (1-)7)
dx ®)

2
(b) (1—4x2)‘:1x—f—4x%+4k2y =0

©)

20
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Question 7 continued
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8. The parabola C has equation y* = 4ax , where a >0, and the line / has equation

y=mx+c. Given that / is a tangent to C,

(a) show that c= 4.
m

“)
The point P has coordinates (4a, 5a).
(b) Find equations of the two tangents from P to C.

&)
The tangents from P to C meet C at the points R and Q.
(c) Find the distance RQ.

)

24
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Practice 3 )

Answer all questions.

1 (a) Given that
4cosh? x = 7sinhx + 1

find the two possible values of sinhx. (4 marks)

(b) Hence obtain the two possible values of x, giving your answers in the form Inp.
(3 marks)

2 (a) Sketch on one diagram:

(i) the locus of points satisfying |z —4 +2i| =2; (3 marks)

(ii) the locus of points satisfying |z| = |z —3 —2i]. (3 marks)
(b) Shade on your sketch the region in which

both |z—44+2i| <2

and |z| <|z—3—2i| (2 marks)

3 The cubic equation

2 42(1 —i)z2 +32(14+1) =0

has roots o, ff and .

(a) It is given that o is of the form ki, where k is real. By substituting z = ki into the
(5 marks)

equation, show that k = 4.
(b) Given that f = —4, find the value of . (2 marks)
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3
4 (a) Given that y = secht, show that:
. dy
(1) i —secht tanht; (3 marks)
L (A2
(i1) (d_)t}> = sech?t — sech*r. (2 marks)

(b)

(c)

The diagram shows a sketch of part of the curve given parametrically by

x =t — tanht y =secht
y A
K
P(x, y)
0 x

The curve meets the y-axis at the point K, and P(x, y) is a general point on the curve.
The arc length KP is denoted by s. Show that:

2 2
(1) (%) + (%) = tanh?7; (4 marks)
(1) s =Incosh¢; (3 marks)
(i) y=-e™". (2 marks)

The arc KP is rotated through 2n radians about the x-axis. Show that the surface area
generated is

2n(l —e™) (4 marks)

Turn over for the next question
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(a)

(b)

(©)

(d)

(a)

(b)

(c)

Prove by induction that, if n is a positive integer,
(cos O +isin0)" = cosnb + isinnb

. T .. mM\©6
Find the value of <cosg + isin E) .

Show that
(cosf +isinf)(1 +cosh —isinf) =1+ cosf + isinf

Hence show that

<1+ n+..n>6+<l+ T ..n>6 0
cos— +1isin— cos— —isin—=] =
6 6 6 6

Find the three roots of z> = 1 , giving the non-real roots in the form elf
where —1 <60 <m.
Given that o is one of the non-real roots of z3 = 1, show that
l+o+n>=0
By using the result in part (b), or otherwise, show that:
. W 1
) ——=——;
@ o+1 W
2
.. @
il =—-w;
i 5 +1
o \F o2 \* 2
(1i1) (w——i—l) + (TH) = (—1)k 2 cosgkn, where £ is an integer.

Copyright © mppe.org.uk and its license. All Rights Reserved
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7

tanA4 — tan B
Use the identity tan(4 —B) = ——————
(a) Use the identity tan( ) 1 +tan 4 tan B

that

t 1 t
tanrx tan(r + 1)x = an(r + 1)x _tanrx |
tanx tan x

(b) Use the method of differences to show that

2n
an a2 4 an e o kan 20n AN 20
anSO anSO anSO anSO an 30 an 30 —tanl

50

END OF QUESTIONS
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Practice 4

Leave )
blank

1. Show that

%[ln(tanh x)] = 2 cosech 2x, x> 0.
C))
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Question 1 continued
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2. Find the values of x for which
8coshx — 4sinhx = 13,

giving your answers as natural logarithms.

()
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3. Show that

6 34x 2443

5 \/ (xz_ 9)

dx =3In +3v3-4.

@)
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4. The curve C has equation
y = arsinh (x%), x> 0.
The point P on C has x-coordinate V2.
(a) Show that an equation of the tangent to C at P is

y=2x—-2V2+1n (3 +2\2).
)

The tangent to C at the point Q is parallel to the tangent to C at P.

(b) Find the x-coordinate of O, giving your answer to 2 decimal places.

(6
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5. Given that
I :J. e’ sin"x dx, n=0,
0
(a) show that, forn > 2,
I = ”(’Z D,
n® +1 ®
(b) Find the exact value of /,.
C))
10
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Question 5 continued
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6.
Y
/ ¢
R
o 2 =x
Figure 1
Figure 1 shows the curve C with equation
1 :
y= m cosh x arctan (sinh x), x > 0.
The shaded region R is bounded by C, the x-axis and the line x = 2.
(a) Find jcosh x arctan (sinh x) dx.
)
(b) Hence show that, to 2 significant figures, the area of R is 0.34
(2)
J
14
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Question 6 continued
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7. The hyperbola H has equation

2 2

xy=l

16 9
(a) Show that an equation for the normal to H at a point P (4 sect, 3 tant) is

4xsint + 3y = 25tant.
(6)

The point S, which lies on the positive x-axis, is a focus of H. Given that PS is parallel to
the y-axis and that the y-coordinate of P is positive,

(b) find the values of the coordinates of P.
(5)

Given that the normal to H at this point P intersects the x-axis at the point R,

(c) find the area of triangle PRS.
3)

Leave )
blank
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8. The curve C has parametric equations

x=3(t +sint), y=3(1-cos?), 0 t<m

(a) Show that Y = tani.
dx 2

3)
The arc length s of C is measured from the origin O.
(b) Show that s — 123in%.

)
(c) Hence write down the intrinsic equation of C in the form s =f(¢).

@

The point P lies on C and the arc OP of C has length L. The arc OP is rotated through 27
radians about the x-axis.

(d) Show that the area of the curved surface generated is given by

L’
36 @)

22
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1. y = (arsinh 2x)?

. d | B .
Find the exact value of ay at x=3, giving your answer in the form alnb,

where ¢ and b are real numbers.

(©))
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2. The ellipse E has equation x—2+% =1, where a > 2\2.
a

The eccentricity of £ is L .

V2
(a) Calculate the value of a.

2
The ellipse E cuts the y-axis at the points D and D". The foci of E are S and S

(b) Calculate the area of the quadrilateral SDS'D".
3)
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I = Ll(l—x)" cosh xdx, n>0.

(a) Provethat, forn>2, I =n(n—-1)1 ,—n.

2

(©))

(b) Find an exact expression for /,, giving your answer in terms of e.

(C))
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f (x) = 15sinh x — 17 cosh x + 6x
The curve with equation y = f (x) has a stationary point P.

(a) Find the exact x-coordinate of P, giving your answer in terms of In 2.

()

(b) Determine the nature of the stationary point.
(&)
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5. A curve has parametric equations
x=28, y=3~, 0<t< 1.
The curve is rotated through 27 radians about the x-axis.

Prove that the area of the curved surface generated is 247”(\/ 2+ 1) .

®

12

Copyright © mppe.org.uk and its license. All Rights Reserved



http://www.mppe.org.uk

Leave )
blank

Question 5 continued

13

Turn over

Copyright © mppe.org.uk and its license. All Rights Reserved



http://www.mppe.org.uk

Leave )
blank

Question 5 continued

14

Copyright © mppe.org.uk and its license. All Rights Reserved



http://www.mppe.org.uk

Leave )
blank

Question 5 continued

Q5
(Total 9 marks) —]

15

Turn over

Copyright © mppe.org.uk and its license. All Rights Reserved



http://www.mppe.org.uk

Leavew
blank

6. Using the substitution u = cosh 6, find the value of
In4
‘ coshf+1 _d6
sinh &(cosh & 1)
In2

giving your answer as an exact fraction.

(10)

16
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7. The curve C has cartesian equation
y=In(sinx), 0 <x<m.
The intrinsic equation of C is s = f (y), where s increases as y decreases.

(a) Show that l//=§—x.

3)
The point with intrinsic coordinates (0, %) lies on C.
(b) Show that s = In (&)
SeCy + tan 74 (6)
(¢c) Find the radius of curvature of C at the point where y = %
3)

20
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8. The parabola C has equation y? = 4ax, where a is a positive constant. The point P on C has
coordinates (ap?, 2ap).

(a) Show that an equation of the normal to C at P is y + px = 2ap + ap’.

“)
The normal to C at P meets the curve again at Q.
. . 2+ p’
(b) Show that the y-coordinate of Q is —2a .
P 5
(c) Show that, as p varies, the least distance from P to Q is 633a.
Q)

24
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3 . . .
1. (a) Express ——————— in partial fractions.
Br-D)(3r+2)
(2)
(b) Using your answer to part (a) and the method of differences, show that
i 3 _ 3n
= Br-1)(3r+2) 2(3n+2) 3)
%’ 3
(c) Evaluate ——  , giving your answer to 3 significant figures.
S0 Br=1)(3r+2) Q)
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The displacement x metres of a particle at time ¢ seconds is given by the differential
equation
x
—+x+cosx=0

When t=0, x=0 and %=l

de 2
Find a Taylor series solution for x in ascending powers of ¢, up to and including the term
in £,

(©))
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3. (a) Find the set of values of x for which

x+4> 3
X+ (6)

(b) Deduce, or otherwise find, the values of x for which

x+4>

|x+3| (1)
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z=-8+(8V3)i
(a) Find the modulus of z and the argument of z.
3
Using de Moivre’s theorem,
(b) find z°,
(2)

(c) find the values of w such that w* =z, giving your answers in the form a + ib, where
a,be R.

(©))
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5. T
=3
A
E r=1.5+sin360
o 0=0
Figure 1
Figure 1 shows the curves given by the polar equations
r=2, 0<0< 3,
and  r=15+sin30, 0<O< .
(a) Find the coordinates of the points where the curves intersect.
3
The region S, between the curves, for which >2 and for which » < (1.5 + sin 36), is shown
shaded in Figure 1.
(b) Find, by integration, the area of the shaded region S, giving your answer in the form
ar + b\3, where a and b are simplified fractions.
(7
10
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Question 5 continued

Q5
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6. A complex number z is represented by the point P in the Argand diagram.

(a) Given that |z—6|=|z

, sketch the locus of P

(2)
(b) Find the complex numbers z which satisfy both |z — 6| = |z| and |z -3- 4i| =5.
3)
. . 30
The transformation 7 from the z-plane to the w-plane is given by w=—.
z
(¢) Show that 7"maps |z —6| = |z| onto a circle in the w-plane and give the cartesian
equation of this circle.
(©))
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Question 6 continued
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(a) Show that the transformation z = y% transforms the differential equation
dy 1
——4ytanx=2)> I
o yo o (D
into the differential equation

E—2z tanx =1 (IT)
dx
(b) Solve the differential equation (II) to find z as a function of x.

(c) Hence obtain the general solution of the differential equation (I).

(C))

(6

0y

Leave\
blank

18

Copyright © mppe.org.uk and its license. All Rights Reserved




http://www.mppe.org.uk

Leave )
blank

Question 7 continued

19

Turn over

Copyright © mppe.org.uk and its license. All Rights Reserved



http://www.mppe.org.uk

Leave )
blank

Question 7 continued

20

Copyright © mppe.org.uk and its license. All Rights Reserved



http://www.mppe.org.uk

Leave )
blank

Question 7 continued

Q7

(Total 12 marks) ‘

J

21

Turn over

Copyright © mppe.org.uk and its license. All Rights Reserved



http://www.mppe.org.uk

Leave )
blank

8. (a) Find the value of A for which y = Axsin5x is a particular integral of the differential
equation
d’y

2

+25y =3cos5x
(C))

(b) Using your answer to part (a), find the general solution of the differential equation

d2y

2

+25y =3cos5x
(&)

Given thatat x=0, y=0 and %:5,

(c) find the particular solution of this differential equation, giving your solution in the
form y =f(x).
)

(d) Sketch the curve with equation y =f(x) for 0 < x < 7.
(2)

22
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Practice 23
2
Answer all questions.
Answer each question in the space provided for that question.
1 (a) Sketch the curve y = coshx. (1 mark)

(b) Solve the equation

6cosh?x — 7coshx — 5 =0

giving your answers in logarithmic form. (6 marks)
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REFERENCE

Answer space for question 1
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4
2 (a) Draw on the Argand diagram below:
(i) the locus of points for which
|z—2—3i|=2 (3 marks)
(ii) the locus of points for which
lz4+2—1i] = |z —2| (3 marks)
(b) Indicate on your diagram the points satisfying both
lz—2—3i|=2
and lz4+2—i| < |z —2| (1 mark)
Im ,
Re
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6
3 (a) Show that
r+lpr r2r
— — 3 k
r+2 r+1 (r+1)(Fr+2) (3 marks)
(b) Hence find
— (r+1)(r+2)
giving your answer in the form 2" — 1, where #n is an integer. (3 marks)
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8
4 The cubic equation
z3 +pz+qg=0
has roots o, ff and 7.
(a) (i) Write down the value of o + ff + 7. (1 mark)

(ii) Express offy in terms of ¢. (1 mark)

(b) Show that

o’ +[33 + y3 = 3afy (3 marks)

(c) Given that o =4 + 71 and that p and g are real, find the values of":

(i) pandy; (2 marks)
(i) pandgq. (3 marks)
. : : o : . 11 1
(d) Find a cubic equation with integer coefficients which has roots —, E and —.
o V
(3 marks)
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5 The function f, where f(x) = secx, has domain 0 < x < 5 and has inverse function
f~1, where f~!(x) =sec™!x.
(a) Show that
. 1
sec”  x =cos  — (2 marks)
X
(b) Hence show that
d 1
a(sec_l)() :ﬂ (4 marks)
R‘Zﬁg; Answer space for question 5
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6 (a) Show that

(c)

(b) Show that, if y = cosh? x, then

1
2 (cosh 4x + 2 cosh 2x + 1) = cosh® x cosh 2x (3 marks)

d 2
1+ (i) — cosh? 2x (3 marks)

The arc of the curve y = cosh®x between the points where x = 0 and x = In2 is
rotated through 2n radians about the x-axis. Show that the area S of the curved

surface formed is given by

T

=—(aln2
S 256(an +b)
(7 marks)

where a and b are integers.

“wer | Answer space for question 6
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18
7 (a) Prove by induction that, for all integers n > 1,
3 5 7 2n+1 1
et ———=1-— 7 k.
N AR AR +n2(n+1)2 T (7 marks)
(b) Find the smallest integer n for which the sum of the series differs from 1 by less
than 107>, (2 marks)
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20
8 (a) Use De Moivre’s Theorem to show that, if z = cosf + isinf, then
a1
z" +— =2cosnl (3 marks)
z
1 4
(b) (i) Expand (22 +—2> . (1 mark)
z
(i) Show that
cos*20 = A cos 80 + Bcos40 + C
where A4, B and C are rational numbers. (4 marks)
(c) Hence solve the equation
8 cos? 20 = cos 80 + 5
for 0 < 0 < &, giving each solution in the form km . (3 marks)

(d) Show that

3 3
Jz cos*20d0 = dld (3 marks)
0 16
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