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Answer all questions.

1 (a) Find the roots of the equation m? +2m +2 = 0 in the form a + ib. (2 marks)

(b) (i) Find the general solution of the differential equation

dy dy
— +2=+2y=4x
dx? &Y (6 marks)
. . . dy
(1)) Hence express y in terms of x, given that y = 1 and o 2 when x = 0.
(4 marks)
a
2 (a) Find J xe > dx, where a> 0. (5 marks)
0
(b) Write down the value of lim afe=2¢, where & is a positive constant. (1 mark)
a—0o0
o0
(¢) Hence find J xe 2 dx. (2 marks)
0
3 (a) Show that y = x> — x is a particular integral of the differential equation
dy 2xy 2
a+x2_1:5x —1 (3 marks)

(b) By differentiating (x> — 1)y = ¢ implicitly, where y is a function of x and ¢ is a

constant, show that y = — is a solution of the differential equation

xX- —

dy 2xy

dx+x2— " =0 (3 marks)
(c) Hence find the general solution of
dy 2xy 2
&+x2_1:5x —1 (2 marks)
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(a)

(b)

(©)

Use the series expansion

In(1 + x) :x—%x2+%x3—%x4+...

to write down the first four terms in the expansion, in ascending powers of x,
of In(1 —x). (1 mark)

The function f is defined by
f(x) _ esinx
Use Maclaurin’s theorem to show that when f(x) is expanded in ascending powers of x:

(1) the first three terms are

1 +x +%x2 (6 marks)
(ii) the coefficient of x° is zero. (3 marks)
Find
lim e — 1 +1n(1 —x)
—0 Zeinx (4 marks)

Turn over for the next question
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5

(a) The function y(x) satisfies the differential equation

d
= 10ny)
where f(x,y) =xlnx I
X
and y(1)=1
(1) Use the Euler formula
Yr+1 = Vr +h f(xr ayr)

with 2 = 0.1, to obtain an approximation to y (1.1). (3 marks)

(1i1) Use the formula
Vrrl =Vp1 T 2h f(xr 7yr)
with your answer to part (a)(i) to obtain an approximation to y (1.2), giving your
answer to three decimal places. (4 marks)
1
(b) (i) Show that — is an integrating factor for the first-order differential equation
X
dy 1
d—);—)—cy:xlnx (3 marks)

(i1) Solve this differential equation, given that y = 1 when x = 1. (6 marks)
(ii1)) Calculate the value of y when x = 1.2, giving your answer to three decimal

places. (1 mark)
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(a) A circle C; has cartesian equation x* + (y — 6)2 = 36. Show that the polar equation
of C; is r = 12sin 0. (4 marks)

(b) A curve C, with polar equation » = 2sin0 + 5, 0 < 0 < 2n is shown in the diagram.

0 >

Initial line

Calculate the area bounded by C,. (6 marks)

(¢) The circle Cy intersects the curve C, at the points P and Q. Find, in surd form, the
area of the quadrilateral OPMQ, where M is the centre of the circle and O is the pole.
(6 marks)

END OF QUESTIONS
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Answer all questions.

1 It is given that y satisfies the differential equation

&y _d
dx—*z— say+4y — 8x — 10 — 10 cos 2x
(a) Show that y = 2x + sin2x is a particular integral of the given differential equation.
(3 marks)
(b) Find the general solution of the differential equation. (4 marks)
) ) dy
(c) Hence express y in terms of x, given that y = 2 and o 0 when x = 0. (4 marks)
2 The function y(x) satisfies the differential equation
d
o= y)
2 2
where f(x,y) = ¥y
Xy
and y(1)=2
(a) Use the Euler formula
Y4l =V + hf(xr: yr)

with 2 = 0.1, to obtain an approximation to y(1.1). (3 marks)

(b) Use the improved Euler formula
1
Yr+1 = Vr + 2 (kl + kZ)
where k; = hf(x,, y,) and ky = hf(x, + h, y, + ky) and h = 0.1, to obtain an
approximation to y(1.1), giving your answer to four decimal places. (6 marks)
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3 (a) Show that sinx is an integrating factor for the differential equation

d
d_)): + (cotx)y =2 cosx

(b) Solve this differential equation, given that y = 2 when x = g

4 The diagram shows the curve C with polar equation

r==6(1—-cosf), 0<0<2n

0 Initial line

(a) Find the area of the region bounded by the curve C.

(3 marks)

(6 marks)

(6 marks)

(b) The circle with cartesian equation x? 4 y? = 9 intersects the curve C at the points

A and B.
(1) Find the polar coordinates of 4 and B. (4 marks)
(i1) Find, in surd form, the length of AB. (2 marks)
: 3a+2 3
5 (a) Show that lim_ (2a " 3) =3 (2 marks)
(b) Evaluate JOO 3 2 dx, giving your answer in the form Ink, where £ is a
valu — v u w w
L Brr2 2xg3)roEVINEY :
rational number. (5 marks)
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3
6 (a) Show that the substitution
dy
=42
u & + 2y
transforms the differential equation
dy  dy 2
@ + 4 a + 4y = ¢
into
du )
— 4 2u=¢ 4 k.
™ +2u=e (4 marks)
(b) By using an integrating factor, or otherwise, find the general solution of
du )
I
I +2u=¢e
giving your answer in the form u = f(x). (5 marks)
(c) Hence find the general solution of the differential equation
dy  dy 2
@ +4 a +4y=ce
giving your answer in the form y = g(x). (5 marks)
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(a) (1) Write down the first three terms of the binomial expansion of (1 + y)_l, in

ascending powers of y. (1 mark)

(i1)) By using the expansion

and your answer to part (a)(i), or otherwise, show that the first three non-zero terms
in the expansion, in ascending powers of x, of secx are

2 4
5
1 —|—%+2)C—4 (5 marks)

(b) By using Maclaurin’s theorem, or otherwise, show that the first two non-zero terms in
the expansion, in ascending powers of x, of tanx are

X3

X+ 3 (3 marks)

x—0\secx — 1

fan 2
(¢) Hence find lim (m) (4 marks)

END OF QUESTIONS
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Answer all questions.

1 The function y(x) satisfies the differential equation

d

d—i = f(x, )
where f(x,y) = In(1 +x% +y)
and y(1)=0.6

(a) Use the Euler formula

Vigl =V + h f<xrv yr)

with 4 = 0.05, to obtain an approximation to y(1.05), giving your answer to four
decimal places. (3 marks)

(b) Use the improved Euler formula
1
Vrp1 =r +5(k + k)

where k; = hf(x,,y,.) and ky = hf(x, +h, y.+ k) and & = 0.05, to obtain an
approximation to y(1.05), giving your answer to four decimal places. (6 marks)

2 A curve has polar equation r(1 —sinf) = 4. Find its cartesian equation in the
form y = f(x). (6 marks)

3 (a) Show that x? is an integrating factor for the first-order differential equation

dy 2 1
ay+;y:3(x3—l—l)2 (3 marks)
(b) Solve this differential equation, given that y =1 when x = 2. (6 marks)
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2
: ®Inx . . :
4 (a) Explain why | —= dx is an improper integral. (1 mark)
0 VX
1
(b) Use integration by parts to find Jx 2Inx dx. (3 marks)
®Inx . :
(¢) Show that 7 dx exists and find its value. (4 marks)
0 VX

5 Find the general solution of the differential equation

d? d
a)z}_4ay+3y:6—|—55inx (12 marks)

1
6 The function f is defined by f(x) = (1 + 2x)>.

(a)

(b)

(©)

(d)

(i) Find f"'(x). (4 marks)

(11) Using Maclaurin’s theorem, show that, for small values of x,
f(x) ~ 1 +x—%x2+%x3 (4 marks)

Use the expansion of e* together with the result in part (a)(ii) to show that, for small
values of x,

No|—

e¥(142x)% ~ 1 4 2x + x% + kx?
where k is a rational number to be found. (3 marks)

Write down the first four terms in the expansion, in ascending powers of x, of e*.
(1 mark)

Find

DN|—

lim €*(1 4+ 2x)* — e2x

x—0 1 — cosx (4 marks)

Turn over for the next question
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7 A curve C has polar equation
r==64+4cos0, —n<0<n

The diagram shows a sketch of the curve C, the pole O and the initial line.

Initial line -

|

(a) Calculate the area of the region bounded by the curve C. (6 marks)
. . : ) 2n
(b) The point P is the point on the curve C for which 6 = 3
The point Q is the point on C for which 0 = .

Show that QP is parallel to the line 6 = g (4 marks)

(c) The line PQ intersects the curve C again at a point R.
The line RO intersects C again at a point S'.
(1) Find, in surd form, the length of PS. (4 marks)

(1)) Show that the angle OPS is a right angle. (1 mark)

END OF QUESTIONS
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Answer all questions.

1 (a) Find the value of the constant & for which kx2e>* is a particular integral of the
differential equation

d?y dy 5

— — 10— + 25y = 6e>* 6 marks

dx? dx d ( /
(b) Hence find the general solution of this differential equation. (4 marks)

2 The function y(x) satisfies the differential equation

dy

2,

5 @)
where f(x,y) = \/x2+y2+3
and y(1)=2

(a) Use the Euler formula

Vil =Vr + hf(xra yr)

with 4 = 0.1, to obtain an approximation to y(1.1), giving your answer to four decimal
places. (3 marks)

(b) Use the improved Euler formula
1
Vrp1 =Yrt+5 (ki + k)

where ky = hf(x,, y,) and ky, = hf(x, +h, y.+ k) and h = 0.1, to obtain an
approximation to y(1.1), giving your answer to four decimal places. (6 marks)

3 By using an integrating factor, find the solution of the differential equation
dy

— + (tanx)y = secx

T (tanx)y

given that y =3 when x = 0. (8 marks)
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4 (a) Show that (cosO +sin0)? =1+ sin20. (1 mark)

(b) A curve has cartesian equation

3 4
(* +°) = (x+)
Given that » > 0, show that the polar equation of the curve is

r=1+sin20 (4 marks)

(c) The curve with polar equation

r=1+sin20, —n<O<n

is shown in the diagram.

Initial line

(1) Find the two values of 0 for which » = 0. (3 marks)

(i1)) Find the area of one of the loops. (6 marks)

Turn over for the next question
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3
5 (a) A differential equation is given by
2 2y dy >
x*=1)—=—-2x—=x"+1
dx2 dx
Show that the substitution
d
u= el +x

(b)

(c)

transforms this differential equation into

%:xfﬁll (4 marks)
Find the general solution of

% ~ 2xu

de x2—1
giving your answer in the form u = f(x). (5 marks)
Hence find the general solution of the differential equation

(x% — 1)(12—y—2x9:x2+1

dx? dx

giving your answer in the form y = g(x). (3 marks)
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(a)

(b)

(©)

(d)

(a)

(b)

The function f is defined by
f(x) =1In(1 +¢%)
Use Maclaurin’s theorem to show that when f(x) is expanded in ascending powers of x:

(1) the first three terms are

In2 +%x—|—%x2 (6 marks)

(ii) the coefficient of x3 is zero. (3 marks)

Hence write down the first two non-zero terms in the expansion, in ascending powers

1 X
of x. of ln< +2e ) (1 mark)

Use the series expansion
In(1 + x) —x—ix2 413
3 3
to write down the first three terms in the expansion, in ascending powers of x,

of ln(l —g) . (1 mark)

Use your answers to parts (b) and (c) to find

X
(5 1)
lim (4 marks)

x—=0 X — sinx

Write down the value of

X

lim xe™
T oo (1 mark)

(] _
Use the substitution u = xe " + 1 to find Ju dx. (2 marks)
xe 41
w p—
Hence evaluate J pe dx, showing the limiting process used. (4 marks)
1 X+¢€

END OF QUESTIONS
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Answer all questions.

1 The function y(x) satisfies the differential equation

dy

= f(x,

5 @)
where flx, y) = x2 — y?
and y(2) =1

(a) Use the Euler formula
Vg1 = Yp + A0, ;)
with 4 = 0.1, to obtain an approximation to y(2.1). (3 marks)
(b) Use the formula
Yral = Yp—1 + 2ht(x,, yy)

with your answer to part (a), to obtain an approximation to y(2.2). (3 marks)
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2 The diagram shows a sketch of part of the curve C whose polar equation is » =1 +tan 0.
The point O is the pole.

Initial line

0 P

The points P and Q on the curve are given by 0 =0 and 0 = g respectively.

(a)

(b)

(b)

(b)

(©)

Show that the area of the region bounded by the curve C and the lines OP and OQ is

%\/ﬁ +1n2 (6 marks)
Hence find the area of the shaded region bounded by the line PO and the arc PQ of C.
(3 marks)
Find the general solution of the differential equation
Py (W5 (6 marks)
a2 a

. d
Hence express y in terms of x, given that y =2 and ay =3 when x =0. (4 marks)

o0
Explain why J xe 3*dx is an improper integral. (1 mark)
1
Find Jxe_3xdx. (3 marks)
0
Hence evaluate J xe ¥ dx, showing the limiting process used. (3 marks)
1
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5 By using an integrating factor, find the solution of the differential equation

dy+ 4x
i, =X
dx x2+1y

given that y = 1 when x = 0. Give your answer in the form y = f(x). (9 marks)

6 A curve C has polar equation

(a)
(b)
(©)

(b)

(©)

r2sin20 = 8
Find the cartesian equation of C in the form y = f(x). (3 marks)
Sketch the curve C. (1 mark)

The line with polar equation » = 2sec 0 intersects C at the point 4. Find the
polar coordinates of A4. (4 marks)

(i) Write down the expansion of In(1 + 2x) in ascending powers of x up to and
including the term in x3. (2 marks)

(i1) State the range of values of x for which this expansion is valid. (1 mark)

2 3
@cwaddy

(i) Given that y = Incosx, find o 2 n ek (4 marks)
dty

(i1)) Find the value of — when x =0. (3 marks)
dx4

(ii1)) Hence, by using Maclaurin’s theorem, show that the first two non-zero terms in
the expansion, in ascending powers of x, of Incosx are

2 4
X x
_Tr 2
I (2 marks)
Find
lim [xIn(1+ 2x)
x—0 ch — Incosx (3 marks)
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(a) Given that x = e’ and that y is a function of x, show that:

) dy dy
1) x—=-—"; 3 marks
@ dx dr ( )
d?y d%y dy
28
(11) X @_@_E (3 marks)

(b) Hence find the general solution of the differential equation

d? d
2 47y Ly
x“———6x—+6y=0 5 marks

END OF QUESTIONS
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